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THE EQUIVARIANT COBORDISM CATEGORY
GERGELY SZU˝CS AND SØREN GALATIUS
Abstract. For a finite group G, we define an equivariant cobordism category
CG
d
. Objects of the category are (d−1)-dimensional closed smooth G-manifolds
and morphisms are smooth d-dimensional equivariant cobordisms. We identify
the homotopy type of its classifying space (i.e. geometric realization of its
simplicial nerve) as the fixed points of the infinite loop space of an equivariant
spectrum.
1. Introduction
For each finite groupG we define the equivariant cobordism category CGd . Objects
are (d− 1)-dimensional closed smooth manifolds equipped with a smooth action of
G. The morphism space has homotopy type
CGd (M0,M1) ≃
∐
L
BDiffG(L, ∂L),
where BDiffG(L, ∂L) denotes the classifying space of DiffG(L, ∂L), the topological
group of G-equivariant diffeomorphisms that fix the boundary pointwise, and the
disjoint union is over G-manifolds L equipped with an equivariant diffeomorphism
∂L ∼=M0
∐
M1, one in each equivariant diffeomorphism class relative ∂L.
The main result of this paper identifies the homotopy type of the classifying
space (the geometric realization of the nerve):
BCGd ≃
(
Ω∞−1MTOd
)G
(1.1)
as the fixed point space of the infinite loop space of a certain orthogonalG-spectrum
MTOd. As the special case G = 1 we recover the statement of [GMTW09] deter-
mining the homotopy type of the non-equivariant cobordism category.
A full description of the two spaces and the map in (1.1) is too technical for
an introduction, but let us describe some aspects of it. For a manifold B with
trivial action and a smooth closed G-manifold L, a smooth equivariant L-bundle is
a smooth bundle E → B where E is equipped with a smooth action of G and the
fibers are equivariantly diffeomorphic to L. Such bundles are classified by homotopy
classes of maps B → BDiffG(L). By definition of CGd one of the path components
of CGd (∅,∅), the endomorphism monoid of the emptyset, is a model for BDiff
G(L),
resulting in a map BDiffG(L) →֒ CGd (∅,∅) and an induced map C
G
d (∅,∅)→ ΩBC
G
d .
For an equivariant L-bundle E → B classified by a map f : B → BDiffG(L), the
homotopy class of the composite
B
f
−→ BDiffG(L)→ ΩBCGd → (Ω
∞MTOd)
G
(1.2)
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can now be described using an equivariant version of the Pontryagin-Thom con-
struction as follows. Choose a fiberwise embedding
E B × V
B
for some sufficiently large G-representation V . This induces a map E → Grd(V )
classifying the vertical tangent bundle of E. If νv denotes the vertical normal
bundle, we get a map of equivariant bundles
νv ξ
⊥
V
E Grd(V ),
where ξ⊥V denotes the complement of the tautological bundle. Writing Th(νv) and
Th(ξ⊥V ) = MTOd(V ) for the Thom spaces of the bundles and composing with the
Pontryagin collapse gives an equivariant map B × SV → Th(νv) → MTOd(V ).
The adjoint gives a map B →
(
ΩVMTOd(V )
)G
, since B has trivial action. The
space Ω∞MTOd is defined as the colimit of Ω
VMTOd(V ) over the poset of finite
dimensional subrepresentations of a universal representation UG. The composite
B →
(
ΩVMTOd(V )
)G
→ (Ω∞MTOd)
G
is the homotopy class of (1.2). See Section 2 for details.
After giving the necessary definitions in Section 2, we prove (1.1) in Section 3,
Section 4 and Section 5. In Section 6, we introduce a version of (1.1) with tangen-
tial structures. The input is a space Θ with commuting actions of G and GLd(R).
For a G-manifold W , an equivariant Θ-structure is a G×GLd(R)-equivariant map
from the frame bundle Fr(W ) → Θ. We define the category CGΘ of G-manifolds
with Θ-structure, a corresponding spectrum MTΘ, and discuss a generalization of
(1.1) in this setting.
Finally, we relate our result to classical notions of equivariant bordism groups in
Section 8.
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2. Definitions
First we briefly review the theory of smooth equivariant bundles. For a finite
group G, we define equivariant versions ψd(V,W ) of spaces of manifolds analo-
gous to those in [GRW10], then define an equivariant version Cd of the cobordism
category such that the fixed point category CGd recovers the G-bordism category de-
scribed informally in the introduction. We also give a careful definition ofMTOd as
an orthogonal G-spectrum. Finally, we describe the equivariant Pontryagin-Thom
map BCd → Ω∞−1MTOd, which, after taking fixed points becomes the equivalence
(1.1).
2.1. Equivariant bundles. We recall some definitions and results about equivari-
ant bundles. First we discuss the general theory, then focus on the case of smooth
manifold bundles. The goal in this section is to identify a convenient model for the
classifying space of smooth equivariant manifold bundles.
Definition 2.1. Let A be a topological group and G a finite group. We say a
bundle p : E → B, with structure group A is a G-A-bundle if E and B are G-
spaces, p is G-equivariant and G acts on E via A-bundle maps. This is equivalent
to saying that in the associated principal bundle π : P → B, P is a G × A-space
and π is G-equivariant.
We will write the action of G on P from the left and the action of A on the
right. As discussed in [Las82] and [Bie73], in order for G-A-bundles to have the
right homotopical properties, they need to satisfy a G-local triviality condition. For
G finite and B Hausdorff, this can be stated as follows.
Definition 2.2 (Bierstone’s condition). Let p : E → B be a G-A-bundle with fiber
F . For b ∈ B write Gb ≤ G for the stabilizer of b. We say the bundle satisfies
Bierstone’s condition if for each b ∈ B there is a Gb-invariant neighborhood Ub of b
in B and Gb-equivariant map p
−1(Ub)→ Ub×F that is an equivalence of A-bundles
over Ub. Here Ub × F has Gb-action given by
h(u, y) = (hu, ρb(h)y),
for some homomorphism ρb : Gb → A, where u ∈ Ub, h ∈ Gb, y ∈ F .
Note that the homomorphism ρ above is determined up to conjugacy by the
action of Gb on the fiber p
−1(b). A G-A-bundle being numerable is defined in
[Las82, Definition 1.12.5]. For us it will suffice to know that for finite G a G-A
bundle satisfying Bierstone’s condition with Hausdorff and paracompact base is
numerable. We say two G-A principal bundles P1 and P2 over B are equivalent if
there is a G×A-equivariant homeomorphism P1 → P2 over B.
Definition 2.3. A universal G-A-bundle is a numerable principal G-A-bundle
π : EGA → BGA such that for any G-space B, equivalence classes of numerable
principal G-A-bundles over B are in bijective correspondence with [B,BGA]
G, the
set of equivariant homotopy classes of equivariant maps, and the correspondence is
given by pullback of π.
The following theorem gives a characterization of universal bundles (see [Las82,
Theorem 2.14]).
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Proposition 2.4. A numerable principal G-A-bundle π : EGA→ BGA is universal
if for each H ≤ G and each homomorphism ρ : H → A, the fixed point space EGAH
is contractible, where H acts via z 7→ hzρ(h)−1 for z ∈ EGA, h ∈ H.
We are mainly interested in equivariant manifold bundles, which are defined as
follows.
Definition 2.5. Let M be a closed smooth manifold. A G-equivariant manifold
bundle is a smooth equivariant map of G-manifolds p : E → B that is a G−Diff(M)-
bundle with fiber M , satisfying Bierstone’s condition.
We have an analogue of Ehresmann’s fibration theorem (see [Ulr88, 1.12] for a
proof).
Lemma 2.6 (Ehresmann’s lemma). If p : E → B is a G-equivariant proper surjec-
tive submersion of smooth G-manifolds, then it is a G-equivariant manifold bundle.
If BGDiff(M) is a classifying space for principal G − Diff(M) bundles, then we
can describe the homotopy type of the fixed point spaces as follows (see [May96,
Theorem VII.2.4]).
Lemma 2.7. For any subgroup H ≤ G(
BG(Diff(M))
)H
≃
∐
ρ
BDiffH(M,ρ),
where the disjoint union is over conjugacy classes of homomorphisms ρ : H →
Diff(M) and DiffH(M,ρ) is the group of equivariant diffeomorphisms, that is the
centralizer CDiff(M)(ρ(H)) of the image under ρ.
For a finite dimensional orthogonal G-representation V and a closed smooth
manifold M , let Emb(M,V ) denote the space of embeddings M →֒ V equipped
with the C∞ topology. This space has an action of Diff(M)×G where Diff(M) acts
on the right by precomposition and G on the left by postcomposition. Choose a
universalG-representation UG, i.e. an infinite dimensional representation containing
every finite dimensional representation. Let
Emb(M,UG) = colim
V ∈s(UG)
Emb(M,V ),
where s(UG) denotes the poset of finite dimensional subrepresentations.
Proposition 2.8. The G-space Emb(M,UG)/Diff(M) is equivariantly weakly equiv-
alent to the equivariant classifying space BGDiff(M).
Proof sketch. Let H ≤ G be a subgroup and ρ : H → Diff(M) a homomorphism.
Consider Emb(M,UG) under the left H-action defined by ρ˜ : H → G × Diff(M)
given by h 7→ (h, ρ(h)−1). Then fixed points Emb(M,UG)H are H-equivariant
embeddings M → V where the H-action on M is given by ρ. That is, for any
ι ∈ Emb(M,UG)
H , the diagram
M V
M V
ι
ρ(h) h
ι
commutes. Thus Emb(M,UG)H is weakly contractible by the Mostow–Palais theo-
rem (the equivariant analogue of Whitney embedding). Using Proposition 2.4, this
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will suffice to finish the proof after establishing the point-set topological conditions
discussed in Section 9. 
2.2. Spaces of manifolds.
Definition 2.9. For any finite dimensional inner product space V let Ψd(V ) be
the set of closed subsets M ⊂ V which are smooth d-dimensional (not necessarily
compact) manifolds without boundary. Consider these as spaces with the topology
defined in [GRW10], which is a C∞ variant of the compact-open topology (see
[Sch17a] for another approach to defining the topology).
The topology on Ψd(V ) has the following property. For a submersion of manifolds
π : E → B and a proper embedding ι over B
E B × V
B
ι
π
the associated map f : B → Ψd(V ) given by b 7→ {b}× V ∩ ι(E) is continuous. We
call the map f : B → Ψd(V ) smooth in the above case, and E is the graph of f .
If ϕ : W → V is an isometric embedding of inner product spaces then we have a
continuous map Ψd(W )→ Ψd(V ), mapping M to its image under ϕ. In particular
if G is a finite group and V an orthogonal G-representation, we get an action of
G on Ψd(V ) where fixed points Ψ(V )
G are sets of G-manifolds M equivariantly
embedded in V as a closed subset.
Now let B be a manifold with trivial action, E a G-manifold with an equivariant
submersion π : E → B and V a finite dimensional orthogonal G-representation. If
we have an equivariant embedding ι as above, we call the associated continuous
map B → Ψd(V )G smooth.
Lemma 2.10. Let V be a G-representation, O ⊂ V a G-invariant open subset.
Let B be a smooth manifold and let f : B → Ψd(O)G be a continuous map. Let
S ⊂ B × O be open, and T ⊂ B × O, both invariant subsets such that S ⊂ int(T ).
Then there exist a homotopy F : [0, 1]×B → Ψd(O)G starting at f , which is smooth
on (0, 1]×S ⊂ [0, 1]×B×O and is constant outside T . Furthermore, if f is already
smooth on an open set A ⊂ S then the homotopy can be assumed to be smooth on
[0, 1]×A.
Proof. The proof is analoguous to [GRW10, Lemma 2.17], we point out the ob-
servations needed to address the equivariant case. Following [GRW10, Definition
2.1], the topology on Ψd(V )
G can be built as a limit from the compactly supported
topology Ψd(V )
G
cs, which is an infinite dimensional manifold, modelled on the vector
spaces ΓGc (NM) of compactly supported equivariant sections of the normal bundle
at a point M ∈ Ψd(V )G. Note that the topology defined this way agrees with the
subspace topology Ψd(V )
G ⊂ Ψd(V ). 
Definition 2.11. For W a subspace of V , let V −W denote the orthogonal com-
plement, and let D1(V −W ) be the open unit disc. Then ψd(V,W ) is the subspace
of Ψd(V ) consisting of M such that M ⊂ D1(V − W ) × W . When V is a G-
representation and W a subrepresentation, ψd(V,W ) inherits an action of G.
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Lemma 2.12. There is an equivariant homotopy equivalence
ψd(UG, 0) = colim
V ∈UG
ψd(V, 0) ≃
∐
M
BG(Diff(M)),
where the disjoint union is over closed smooth d-dimensional manifolds, one in each
diffeomorphism class.
Proof. The space ψd(V, 0) is homeomorphic to∐
M
Emb(M,V )/Diff(M),
so by Proposition 2.8 the claim follows. 
2.3. The embedded cobordism category. First we define the embedded cobor-
dism category Cd(V ) for V a finite dimensional orthogonalG-representation. This is
a category with strict G-action, i.e. for any g ∈ G we have a functor Cd(V )→ Cd(V ),
and composition gives equal functors.
Definition 2.13. For a finite dimensional orthogonalG-representation V , the topo-
logical category Cd(V ) has object space
Ob(Cd(V )) = ψd−1(V, 0).
Morphisms are pairs
(N, r) ∈ Cd(M1,M2) ⊂ ψd(V ⊕ 1, 1)×R,
where r ∈ R≥0 (r = 0 only for the identity), N ∈ ψd(V ⊕ 1, 1) is a manifold with
N |V×(−∞,ǫ) = M1 × (−∞, ǫ), and N |V×(r−ǫ,+∞) = M2 × (r − ǫ,+∞) for some
ǫ > 0.
The (strict) action of G on Cd(V ) comes from the action on V . Composition is
given by concatenation.
For V → W , an equivariant isometric embedding of representations, we have
a continuous equivariant functor Cd(V ) → Cd(W ), which on objects is given by
the inclusion ψd−1(V, 0) → ψd−1(W, 0) and on morphisms given by the inclusion
ψd(V ⊕ 1, 1)→ ψd(W ⊕ 1, 1).
The precise definition of the cobordism category CGd informally introduced in
Section 1 is now as follows.
Definition 2.14. Choose a universal representation UG, and let
Cd(UG) = colim
UG
Cd(V ),
where colimUG denotes the colimit taken over the poset of finite dimensional sub-
representations of UG.
Finally, let
CGd = (Cd(UG))
G
be the fixed category.
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2.4. The orthogonal G-spectrum MTOd. Let G-Top denote the category of
compactly generated topological G-spaces with equivariant maps. Let LG denote
the category of finite dimensional orthogonal G-representations and isometric em-
beddings, enriched over G-Top.
Following [MM02], let JG be the G-Top-enriched category with
Ob(JG) = Ob(LG)
and morphisms are the Thom space
JG(V,W ) = Th

(imϕ)⊥
LG(V,W )

where (imϕ)⊥ denotes the bundle (ϕ,w) with ϕ ∈ LG(V,W ) and w ∈ (imϕ)⊥.
An orthogonal G-spectrum is a continuous equivariant functor JG → TopG. Here
TopG denotes the category of pointed compactly generated G-spaces and all maps,
so TopG is enriched over G-Top.
Definition 2.15. For an orthogonal G-spectrum E, and a universal representation
UG of G, let s(UG) denote the poset of finite dimensional subrepresentations of UG.
Then define
ΩUGE = colim
V ∈s(UG)
ΩV E(V ),
where ΩV E(V ) =Map(SV , E(V )) is the G-space of pointed maps from the repre-
sentation sphere. When the group and the universe is given in the context, we will
write Ω∞ instead of ΩUG .
Definition 2.16. For an orthogonal spectrum E and a G-representation V , let
shV E be the orthogonal spectrum given by shVE(W ) = E(V ⊕W ). Then denote
ΩUG−VE = ΩUGshVE
Definition 2.17. The orthogonal G-spectrum MTOd is a functor JG → Top∗
defined as
MTOd(V ) = Th

ξ⊥V
Grd(V )
 = JG(Rd, V )/O(d)
where Grd(V ) denotes the Grassmannian of d-planes in V , and ξ
⊥ is the orthogonal
complement of the tautological bundle.
To a morphism (ϕ,w) ∈ JG(V,W ) assign the map MTOd(V ) → MTOd(W )
induced by the bundle map
ξ⊥V ξ
⊥
W
Grd(V ) Grd(W ).
ϕ(−)+w
Grd(ϕ)
8 GERGELY SZU˝CS AND SØREN GALATIUS
2.5. The Pontryagin-Thom map. To describe the map BCd → Ω∞−1MTOd, we
introduce a “thickened” version C˜d(V ) of the cobordism category and a natural map
BC˜d(V )→ ΩVMTOd(V ⊕1). This a parametrized version of the usual Pontryagin-
Thom map, described in [Was69, §3] in the the equivariant case. For a finite group
G and a universal representation UG, taking colimits we get a G-equivariant map
BC˜d(UG) → Ω∞−1MTOd. After taking fixed points this becomes the equivalence
of (1.1).
For a smooth function ǫ : M → R>0, we say that the ǫ-neighborhood of M in
V is tubular, if the map i : D(NM) → V given by (m, v) 7→ m + ǫ(m)v is an
embedding of the total space of the open unit disk bundle of the normal bundle of
M into V .
Definition 2.18. Let C˜d(V ) be the category with object space Ob(C˜d(V )) the
total space of the bundle over Ob(Cd(V )) of pairs (M, ǫ) with M ∈ Ob(Cd(V ))
and ǫ : M → R>0 such that the ǫ-neighborhood of M in V is tubular. Similarly
morphisms have a prescribed tubular neighborhood.
For (M, ǫ) ∈ Ob(C˜d(V )) let Mǫ denote the (tubular) ǫ-neighborhood of M , iden-
tified with the total space of the normal bundle ν(M)
π
−→M .
Lemma 2.19. The forgetful functor C˜d(V )→ Cd(V ) is an equivalence, i.e. induces
a homotopy equivalence NkC˜d(V ) ≃ NkCd(V ) of the nerves for each k ∈ N.
Definition 2.20. For a space X define the path category Path(X) to have object
spaceX and morphisms are pairs (r, p) where r ∈ R≥0 and p ∈ X [0,r], the endpoints
of the morphism are the endpoints of p. If X has a G-action then Path(X) inherits
an action, and X ≃ BPath(X) is a G-homotpy equivalence.
Definition 2.21. Define a functor C˜d(V )→ Path
(
ΩVMTOd(V ⊕ 1)
)
as follows:
• To an object (M, ǫ) in C˜d(V ), assign the map
SV → MTOd(V ⊕ 1)
x 7→
{
∗ x 6∈Mǫ
Tπ(x)(M)⊕ 1, x− π(x) ∈ νπ(x)(M) x ∈Mǫ
• To a morphism (W, r, ǫ) in C˜d(V ), assign the path
[0, r]× SV → MTOd(V ⊕ 1)
x 7→
{
∗ x 6∈ Wǫ
Tπ(x)(W ), x − π(x) ∈ νπ(x)(W ) x ∈ Wǫ
where Tπ(x)(M) denotes the tangent space of M at π(x), considered as a subspace
of V , and x− π(x) is a vector normal to this tangent space. Similarly Tπ(x)(W ) is
the tangent space of W at π(x), considered as a subspace of V ⊕ 1. When V is a
G-representation, this functor is equivariant.
Taking classifying spaces we then get a zig-zag
BCd(V )
∼
←− BC˜d(V )
PT
−−→ BPath
(
ΩVMTOd(V ⊕ 1)
)
≃ ΩVMTOd(V ⊕ 1).
As defined above, the maps are not compatible with passing to higher dimen-
sional representations V → W , instead we get the equivalence of (1.1) as a conse-
quence of the following lemmas, proved in Section 3 and Section 4.
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Proposition 2.22. There is an equivariant weak equivalence
BCd(V ) ≃ ψd(V ⊕ 1, 1)
Proposition 2.23. When dim(V G) ≥ d, there is an equivariant weak equivalence
ψd(V ⊕ 1, 1)
∼
−→ ΩV ψd(V ⊕ 1, V ⊕ 1)
Proposition 2.24. The is an equivariant weak equivalence
MTOd(V )
∼
−→ ψd(V, V )
These propositions will be proved in Section 3, Section 4 and Section 5 respec-
tively.
Theorem 2.25. The maps defined above result in a zig-zag of equivariant weak
equivalences
BCd(V ) ≃ ψd(V ⊕ 1, 1)
∼
−→ ΩV ψd(V ⊕ 1, V ⊕ 1)
∼
←− ΩVMTOd(V ⊕ 1),
for any orthogonal G-representation V with dim(V G) ≥ d.
Theorem 2.26. The maps above induce an equivariant equivalence
BCd(UG) ≃ Ω
UG−1MTOd.
Proof. The equivalences in Theorem 2.25 are compatible under isometric embed-
dings V →W , and hence taking colimits we get the equivalence in our theorem. 
This proves our main theorem (1.1) by taking fixed points.
3. The classifying space of the equivariant cobordism category
As the first step in the proof of Theorem 2.26 we show Proposition 2.22: that
for any G-representation V there is an equivariant equivalence
BCd(V ) ≃ ψd(V ⊕ 1, 1).(3.1)
The proof of this is very similar to the non-equivariant case ([GRW10], Section 3).
We outline the steps of the proof. In Section 3.1 we introduce the posets Dd(V )
and Dǫd(V ) and functors
Cd(V )←− D
ǫ
d(V ) −→ Dd(V )
that induce level-wise equivariant equivalences of nerves, as shown in Section 3.2.
Finally we show that the forgetful map BDd(V ) → ψd(V ⊕ 1, 1) is an equivariant
equivalence. Throughout this paper we work with thick geometric realization, so
level-wise equivalence induces equivalence of the realizations.
3.1. Models for the equivariant cobordism category. Let V be a finite di-
mensional G-representation. The following definitions agree with the ones given in
[GRW10, Definition 3.8] and [GRW10, Theorem 3.9] in the caseG = 1 and V = Rn.
Definition 3.1. Let Dd(V ) be the following topological poset. Objects are pairs
(M,a) such that M ∈ ψd(V ⊕ 1, 1) and a ∈ R is a regular value of the map
M → R induced by the projection π1 : V ⊕ 1 → 1. It is given the subspace
topology Ob(Dd(V )) ⊂ ψd(V ⊕ 1, 1)×R.
We say that M ∈ ψd(V ⊕ 1, 1) is cylindrical in the interval (a, b) if there is
N ∈ ψd−1(V ) such that
M ∩ π−11 (a, b) = N × (a, b).
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Definition 3.2. Let Dǫd(V ) the topological poset defined similarly to Dd(V ), but
with objects the subspace of pairs (M,a) ∈ ψd(V ⊕1, 1)×R such that a is a regular
value of M → R and M is cylindrical in (a− ǫ, a+ ǫ) for some ǫ > 0.
When V is a G-representation, the posets Dǫd(V ) and Dd(V ) become posets with
G-action. There is a natural inclusion of posets i : Dǫd(V )→ Dd(V ).
Definition 3.3. Define a natural functor p : Dǫd(V )→ Cd(V ) as follows. On objects
it maps (M,a) to π−11 (a) ∩ M ∈ ψd−1(V ). A morphism (M,a) ≤ (M,a
′) gets
mapped to(
(−∞, 0]× (π−11 (a) ∩M)
)
∪
(
π−11 (a, a
′) ∩M − ae1
)
∪
(
[0,∞)× (π−11 (a
′) ∩M)
)
,
where e1 denotes the unit vector in the direction of the trivial representation 1.
3.2. Equivalence of models.
Lemma 3.4. The functor i : Dǫd(V ) → Dd(V ) induces a level-wise equivariant
equivalence on the nerves.
Proof. This follows from a variant of [GRW10, Lemma 3.4].
For H ≤ G and a space X let f : X → ψd(V ⊕ 1, 1)H be a continuous map, and
U, V ⊂ X open such that U ⊂ V . Let a ∈ R a regular value of π1 : f(x) → R for
all x ∈ V and let ǫ > 0.
Then there is a homotopy
ft : X → ψd(V ⊕ 1, 1)
H , t ∈ [0, 1]
with f0 = f , and
• f1(x) is cylindrical in the interval (a− ǫ, a+ ǫ)
• The restriction to X − V is the constant homotopy
• The restriction to the complement of π−11 (a − 2ǫ, a + 2ǫ) is the constant
homotopy
The construction of the homotopy in the proof of [GRW10, Lemma 3.4] preserves
the property of being in the fixed point space.
We can use the above lemma to solve the lifting problem
∂Dk NpD
ǫ
d(V )
H
Dk NpDd(V )
Hf
for any k ∈ N. For any point x ∈ Dk with f(x) = (Mx, a0, . . . , ap), there is a
neighborhood x ∈ Vx such that the ai are regular values for π1 : My → R for any
y ∈ Vx. Choose ǫi > 0 so that ai+2ǫi < aj−2ǫj whenever i < j. Then fixing a finite
cover of Dk by open sets Ux with Ux ⊂ Vx and a partition of unity supported on
the Vx. Patching the homotopies provided by the lemma above we get the required
lift. 
Lemma 3.5. The functor p : Dǫd(V ) → Cd(V ) induces a level-wise equivariant
equivalence on the nerves.
Proof. This is analoguous to the proof of [GRW10, Theorem 3.9]. An equivari-
ant homotopy inverse on simplicial nerves is given by the inclusion NpCd(V ) →
NpDǫd(V ) whose image is given by (M, 0 = a0, a1, . . . , ap) such that M is cylindri-
cal outside [0, ap]. 
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Lemma 3.6. The forgetful map u : BDd(V )→ ψd(V ⊕ 1, 1) taking a point
(M,a0, . . . , ap, t0, . . . , tp) ∈ NpDd(V )×∆
p ⊂ BDd(V )
to M ∈ ψd(V ⊕ 1, 1) is an equivariant weak equivalence.
Proof. The proof is done by showing that for any subgroup H ≤ G and any q ∈ N,
we can solve the following lifting problem.
∂Dq BDd(V )
H
Dq ψd(V ⊕ 1, 1)H
The proof of [GRW10, Theorem 3.10] applies, since it only involves choices of regular
values in the trivial summand. 
Lemmas 3.4, 3.5 and 3.6 now imply that there is a zig-zag of equivariant equiv-
alences
BCd(V )
p
←− BDǫd(V )
i
−→ BDd(V )
u
−→ ψd(V ⊕ 1, 1),
proving (3.1).
4. Delooping
The main step in showing Theorem 2.26 will be the proof of Proposition 2.23 in
this section.
Definition 4.1. Let V a finite dimensional orthogonal representation of G, W and
R subrepresentations of V that are orthogonal to each other. Define equivariant
maps
ψd(V,W )
αR−−→ ΩRψd(V,W +R)(4.1)
as follows. For M ∈ ψd(V,W ), αR(M) is given by
r ∈ R 7→M + r ∈ ψd(V,W +R)
∞ 7→ ∅ ∈ ψd(V,W +R),
which defines a continuous map R ∪ {∞} = SR → ψd(V,W +R).
The maps αR(M) are continuous because of the compact-open nature of the
topology on ψd(V,W + R). These maps are compatible in the sense that if W , R
and R′ are pairwise orthogonal subrepresentations of V , then the following diagram
commutes
ψd(V,W ) Ω
Rψd(V,W +R)
ΩR⊕R
′
ψd(V,W +R+R
′).
αR
αR⊕R′
ΩRαR′
We show that (4.1) is an equivariant equivalence in the case when R is trivial
first, and then in Section 4.2 consider non-trivial R, assuming W contains enough
trivial summands.
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4.1. Trivial representation. First we show that (4.1) is an equivariant equiva-
lence when R is a one dimensional trivial representation. The proof is very similar
to the non-equivariant case, although more care is needed to treat connected com-
ponents.
Throughout this section W is a trivial representation, dim(W ) ≥ 1 and R is a
fixed trivial one dimensional subrepresentation of V orthogonal to W . Choose a
unit vector eR spanning R, and let πR : V → R denote projection onto R ∼= R (so
πR(eR) = 1).
Similarly to Section 3.1, we start by introducing topological monoid and poset
models Md(V,W ) and Pd(V,W ) of ψd(V,W ), and our statement will follow from
a zig-zag of equivariant equivalences
BMd(V,W )
≃
←− BPd(V,W )
≃
−→ ψd(V,W +R)
and
ψd(V,W )
≃
←−Md(V,W )
≃
−→ ΩBMd(V,W ).
Definition 4.2. LetMd(V,W ) be the topological monoid whose space of elements
is the subspace Md(V,W ) ⊂ ψd(V,W + R) ×R≥0 consisting of pairs (M,a) such
that M ⊂ π−1R ((0, a)). The composition of (M,a) and (M
′, a′) is given by (N, b)
where
N =M ∪ (M ′ + aeR) and b = a+ a
′.
We have an inclusion ψd(V,W ) →֒ Md(V,W ) taking M ∈ ψd(V,W ) to (M +
eR, 2) ∈Md(V,W ).
Lemma 4.3. The inclusion ψd(V,W ) →֒ Md(V,W ) is an equivariant homotopy
equivalence.
Proof. We can write down a homotopy inverse Md(V,W ) → ψd(V,W ) given by
mapping (M,a) to M if a ≤ 1. If a > 1 map (M,a) to ϕa(M) where ϕa is the
linear scaling of V in the direction of R, mapping a to 1. 
Definition 4.4. For a H finite group and V˜ and a finite dimensional orthogonal
representation ofH , let NHd (V˜ ) denote the cobordism set ofH-manifolds embedded
in V˜ , defined as follows. Elements are equivalence classes of closed d-dimensional
H-invariant submanifolds M ⊂ D1(V˜ ). We say two manifolds M0,M1 ⊂ V˜ are
cobordant if there exists a (d+ 1) dimensional compact H-invariant manifold N ⊂
D1(V˜ )× [0, 1] with boundary
∂N = (M0 × {0})
∐
(M1 × {1})
and such that N is cylindrical near V˜ × {0, 1}.
If V˜ contains a trivial summand R, then NHd (V˜ ) becomes a monoid, with com-
position given as follows. Choose a unit vector eR. If M0,M1 ⊂ D1(V˜ ), the
shifted manifolds M ′0 = M0 + eR and M
′
1 = M1 − eR are disjoint, so their union
M =M ′0∪M
′
1 is a manifold, and is still H-invariant, since R is trivial. RescalingM
to be contained in D1(V˜ ) gives a representative for the composite. The usual con-
struction (see [GRW10, Corollary 3.11] for example) of embedding N =M0× [0, 1]
into D1(V˜ ) × [0, 1] so that ∂N ∩ {1} = ∅ shows that NHd (V˜ ) is in fact a group in
this case.
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Lemma 4.5. For any H ≤ G, there is an isomorphism of monoids
π0
(
Md(V,W )
H
)
∼= NHd−dim(W )(V −W ).
In particular the monoid π0
(
Md(V,W )H
)
is a group.
Proof. We prove the statement for π0
(
ψd(V,W )
H
)
and note that composition is
given by disjoint union on both sides. Define a map ϕ : NHd−dim(W )(V − W ) →
π0
(
ψd(V,W )
H
)
by
[M ] 7→ [M ×W ].
To see this is well-defined, first choose a one dimensional subspace Span(w) of W
(recall that we are assuming W =WG in this section). If N ⊂ (V −W )× [0, 1] is
a cobordism between M1 and M2, let
Nt =M1 × (W − Span(w)) × (−∞, t] ∪
(N + tw) × (W − Span(w)) ∪
M2 × (W − Span(w)) × [1 + t,∞).
Then t 7→ Nt gives a path [−∞,∞]→ ψd(V,W )H from M1 ×W to M2 ×W .
The map ϕ is surjective: if L ∈ ψd(V,W )H , by Sard’s theorem we can choose
x ∈ W , a regular value of the projection πW : L → W , and consider M = π
−1
W (x).
Then ϕ(M) is in the same path component as L. To see this, let Tt : W → W be
given by w 7→ w + (w − x)t (this is equivariant since W is trivial), then
Lt = (Tt ⊕ idV−W )(L)
gives a path [1,∞]→ ψd(V,W )
H from L to M ×W .
To show injectivity, consider a path p : [0, 1]→ ψd(V,W )H with endpoints M1×
W and M2 ×W . Up to homotopy we can assume by Lemma 2.10, that the graph
Γf ⊂ [0, 1] × V is a smooth H-invariant manifold. Then taking the preimage of
a regular value w of the projection Γf → W , gives a cobordism between M1 and
M2. 
Corollary 4.6. The map
Md(V,W )→ ΩBMd(V,W ),(4.2)
adjoint to the inclusion of the 1-skeleton Md(V,W ) ∧ S1 → BMd(V,W ) is an
equivariant equivalence.
Proof. For any subgroup H ≤ G, the topological monoid Md(V,W )H is grouplike
by Lemma 4.5, hence
Md(V,W )
H → ΩBMd(V,W )
H
is a weak equivalence. But ΩBMd(V,W )H ∼=
(
ΩBMd(V,W )
)H
, which proves
(4.2) is a weak equivalence on H fixed points for any subgroup H ≤ G. 
Definition 4.7. Let Pd(V,W ) be the topological poset with object space
Ob(Pd(V,W )) ⊂ ψd(V,W +R)×R
consisting of pairs (M,a) such that M ∩ π−1R (a) = ∅. We say (M,a) ≤ (M,a
′) if
M =M ′ and a ≤ a′.
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Definition 4.8. Define a functor p : Pd(V,W )→Md(V,W ) given by mapping any
object in Pd(V,W ) to the unique object inMd(V,W ), and mapping the morphism
(M,a) ≤ (M,a′) to (N, b) where
N =M ∩ π−1R ((a, a
′))− aeR and b = a− a
′.
Lemma 4.9. The functor p : Pd(V,W )→Md(V,W ) induces a levelwise equivari-
ant equivalence on the nerves.
Proof. This proof is analoguous to the proof of Lemma 3.5. An equivariant homo-
topy inverse is given by the inclusion NpMd(V,W ) → NpPd(V,W ) of simplicial
nerves whose image is (M, 0 = a0, a1, . . . , ap) with M ∩ π
−1
R (R− (0, ap)) = ∅. 
Consider the forgetful map u : BPd(V,W )→ ψd(V,W +R) taking a point
(M,a0, . . . , ap, t0, . . . , tp) ∈ NpPd(V,W )×∆
p ⊂ BPd(V,W )
to M ∈ ψd(V,W + R). Since u is equivariant and BPd(V,W ) is G-connected, for
any subgroup H ≤ G, taking fixed points we get maps(
BPd(V,W )
)H uH
−−→
(
ψd(V,W +R)
)H
∅
.
Here
(
ψd(V,W +R)
)H
∅
denotes the component of the H-fixed points containing the
empty manifold.
Lemma 4.10. For any subgroup H ≤ G the map(
BPd(V,W )
)H uH
−−→
(
ψd(V,W +R)
)H
∅
is a weak equivalence.
Proof. By Lemma 4.5 we know that if L ∈
(
ψd(V,W+R)
)H
∅
then for a regular value
x ∈ W + R of πR+W the preimage M = π
−1
R+W (x) is equivariantly null-bordant.
This allows us to apply analoguous arguments to [GRW10, Proposition 3.20 and
3.21] to prove the claim. 
Remark 4.11. In Lemma 4.10 it is important to take a component of the fixed
points (rather than fixed points of a component), because the group
π0
(
((ψd(V,W )∅)
H
)
is not necessarily trivial.
Proof. Indeed, we can identify
π0
(
((ψd(V,W )∅)
H
)
∼= Ker
(
NHd−|W |(V −W )
υ
−→ Nd−|W |(V −W )
)
,
where υ is the map forgetting the action. The following is an example when
this kernel is non-trivial. Let G = Z/2, σ be the sign representation. For a G-
representation V let P(V ) be the associated projective space. Then the manifold
P(1 ⊕ σ)
∐
P(1 ⊕ 1) is null-bordant but not equivariantly so, giving a non-trivial
element in the kernel (cf. [Sin02]). 
Corollary 4.12. The map
ΩBPd(V,W )
Ωu
−−→ Ωψd(V,W +R)
is an equivariant equivalence.
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Proof. We need to show Ωu is a weak equivalence on H-fixed points for all H ≤ G.
This is true, since
(
Ωψd(V,W +R)
)H
= Ω
(
ψd(V,W +R)
)H
∅
, and so we can apply
Lemma 4.10. 
Thus we get (4.1) from the following sequence of equivariant equivalences:
ψd(V,W ) ≃Md(V,W ) ≃ ΩBMd(V,W ) ≃ ΩBPd(V,W ) ≃ Ωψd(V,W +R).
4.2. Non-trivial representations. The main goal of this section is to prove the
following.
Proposition 4.13. The map αR : ψd(V,W )→ ΩRψd(V,W+R) in (4.1) is an equi-
variant weak equivalence for an arbitrary G-representation R, assuming dim(WG) >
d.
The method of the proof is originally due to Segal ([Seg87]), later refined by
Shimakawa ([Shi89]) and Blumberg ([Blu06]). It would be interesting to see if the
equivariant loops space machine of [CW85] or [MMO17] could be applied. For the
purposes of this paper, we found it easier to give a direct proof using monoidal bar
constructions.
The outline of this section is as follows: first, we describe the scanning map which
relates spaces of manifolds to mapping spaces. Then we reduce the statement from
the loop space (i.e. based maps from SR) to a statement about unbased maps from
the unit sphere S(R). This allows us to argue locally and finish our proof by an
inductive statement using an equivariant triangulation of S(R). Throughout this
section we repeatedly use the idea of computing homotopy fibers via identifying
spaces with various bar constructions.
Let πR : V → R denote orthogonal projection. Let Dr,c(V ) ⊂ V denote the open
disk, in the orthogonal G-representation V , of radius r > 0 and centered at c ∈ R
(or at the origin if c is omitted).
Definition 4.14. For a G-invariant open subset O ⊂ R, let ΨRd (O) denote the
subspace of Ψd(π
−1
R (O)) consisting of those M such that
M ⊂ D1
(
(W +R)⊥
)
× (W +R).
For the rest of this section, fix ǫ = 1/2. (In fact any 0 < ǫ < 1 works for the
proof. When talking about scanning maps, we often think of ǫ being small, hence
the notation.)
Definition 4.15. For a subset C ⊂ R let Cǫ ⊂ R denote the open ǫ-neighborhood
of C
Cǫ =
⋃
c∈C
Dǫ,c(R).
Define the scanning map
ΨRd (Cǫ)→ Map
(
C,ΨRd (Dǫ(R))
)
(4.3)
taking M ∈ ΨRd (Cǫ) and c ∈ C to the image of M under the composite
ΨRd (Cǫ)
res
−−→ ΨRd (Dǫ,c(R))
τc−→ ΨRd (Dǫ(R)),
where res denotes restriction to Dǫ,c(R) ⊂ Cǫ, and τc denotes translation to the
origin. That is tc : R→ R is given by x 7→ x+ c then τc(M) = t−1c (M).
If C is a G-invariant subset, then (4.3) is an equivariant map.
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For a subset C ⊂ R we will write C to denote the closure of C in R. Let S(R)ǫ
be the open ǫ-neighborhood of the unit sphere S(R) in R, i.e. S(R)ǫ = {v ∈ R |
1− ǫ < |v| < 1 + ǫ}. We have the following commutative diagram:
(4.4)
ΨRd (D1(R)ǫ) Map
(
D1(R),Ψ
R
d (Dǫ(R))
)
ΨRd (S(R)ǫ) Map
(
S(R),ΨRd (Dǫ(R))
)
Here the top map is clearly an equivalence. Our goal for the rest of this section
is to prove in Section 4.5 that the bottom map is also an equivariant equivalence,
after discussing some prerequisites in Section 4.3 and Section 4.4. Finally, we show
in Section 4.6 that the induced map between the homotopy fibers of the verti-
cal maps in (4.4) can be identified up to equivariant homotopy equivalence with
αR : ψd(V,W ) → ΩRψd(V,W + R), which is therefore also an equivariant equiva-
lence. This will conclude the proof of Proposition 4.13 and thus our main theorem.
4.3. Equivariant bar constructions. In order to prove the statements above,
we use bar construction models for certain spaces of manifolds. For these to be
useful, we need to discuss some general properties of topological monoids with
group actions.
Definition 4.16. A topological G-monoid is a topological monoid M with a left
G-action, satisfying the compatibility relations
ge = e
(gm1)(gm2) = g(m1m2)
for any g ∈ G and m1,m2 ∈ M.
By a G-space we shall mean a topological space with a continuous left G-action.
We consider actions of topological G-monoids on G-spaces (note that in the follow-
ing the group G always acts on the left, but the monoidM can act on either side).
If M acts on the G-space Y from the left, we say the action is equivariant if
g(my) = (gm)(gy)
for any g ∈ G, m ∈M and y ∈ Y .
Similarly if M acts on the G-space X from the right, we say the action is
equivariant if
g(xm) = (gx)(gm)
for any g ∈ G, m ∈M and x ∈ X .
If M is a topological G-monoid, then the fixed point spaceMH is a topological
monoid for any H ≤ G.
Definition 4.17. We say the topological G-monoidM is grouplike ifMH is grou-
plike (i.e. π0MH is a group) for all H ≤ G.
Definition 4.18. LetM be a topologicalG-monoid, let X and Y be G-spaces with
M acting equivariantly from the right on X and from the left on Y . Define the
two-sided bar construction B(X,M, Y ) as the (thin) geometric realization of the
G-simplicial space Np(X,M, Y ) = X×Mp×Y with the usual face and degeneracy
maps.
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Note thatM being a G-monoid and the actions being equivariant guarantee that
all the face and degeneracy maps are equivariant, so B(X,M, Y ) has a natural G-
action.
We can identify the fixed points B(X,M, Y )H = B(XH ,MH , Y H) for any H ≤
G, since geometric realization preserves equalizers (see [May72, Corollary 11.6.]).
If M is a well-pointed G-space, i.e. the inclusion {e} →֒ MH is a cofibration for
each H , then the above bar construction N•(X
H ,MH , Y H) is a “good” simplicial
space (in the sense of [Seg74, Appendix]).
Lemma 4.19. If M is a grouplike topological G-monoid then for any Y the homo-
topy fiber of the map p : B(X,M, Y )→ B(∗,M, Y ) induced by X → ∗ is equivari-
antly equivalent to X. This also implies that the square
B(X,M, Y ) B(X,M, ∗)
B(∗,M, Y ) B(∗,M, ∗)
is G-homotopy cartesian.
Proof. Taking the path space model of homotopy fiber commutes with fixed points,
hence hofib(p)H = hofib(pH). Since MH is grouplike, the map
B(XH ,MH , Y H)
pH
−−→ B(∗,MH , Y H)
is a quasifibration, i.e. XH → hofib(pH) is a weak equivalence (by [Seg74, Proposi-
tion 1.6]). 
4.4. Homotopy sheaves. In our proof it will be convenient to use the following
special case of a “homotopy sheaf” property of the spaces ΨRd (−).
Proposition 4.20. Let O1 and O2 be G-invariant open subsets of R. Assume there
exists an equivariant diffeomorphism (δ, f) : O1∩O2 → R×Q, where Q is a smooth
G-manifold and R has trivial action. Assume further that δ extends to a map
δ : O1 ∪O2 → [−∞,+∞] such that O1 \O2 = δ
−1(−∞) and O2 \ O1 = δ
−1(+∞).
Then the square of restrictions
ΨRd (O1 ∪O2) Ψ
R
d (O1)
ΨRd (O2) Ψ
R
d (O1 ∩O2)
is G-homotopy cartesian.
In order to prove Proposition 4.20, we want to apply Lemma 4.19 to suitable
bar construction models. Below we describe the constructions needed, using the
notation from Proposition 4.20
For a ∈ R, define the shifting map sha : O1 ∩ O2 → O1 ∩ O2 given by x 7→
(δ, f)−1δ(x) + a, f(x)). Let πR : V → R denote orthogonal projection. For an
interval I = (a, b) we’ll write π−1R δ
−1(a, b) ⊂ V for the inverse image π−1R (A) of
A = δ−1(I).
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Definition 4.21. Let M be the following topological G-monoid. Elements are
pairs (M,a) ∈ ΨRd (O1 ∩O2) ×R≥0, satisfying M ⊂ π
−1
R δ
−1(0, a). Composition of
(M1, a1) and (M2, a2) is given by (M,a) where
M =M1 ∪ sha1(M2)
a = a1 + a2.
Lemma 4.22. Let M be as above and assume dim(WG) > d. Then MH is
connected for each H ≤ G, in particular M is grouplike.
Proof. Let m = (M,a) ∈ M. Consider the projection πWG : M → W
G. By Sard’s
theorem, there exists a regular value a ∈ WG. Since we are assuming dim(WG) > d,
this means a is not in the image πWG(M). Consider the linear map Lt : W
G →WG
given by Lt(x) = (1 − t)(x − a) + a, and let ϕt = idV−WG ⊕ Lt : V → V . Then
mt = (ϕ
−1
t (M), a) gives a path from m to (∅, a) which is in the path component
of e. If m ∈ MH then the path mt constructed above is in fact a path in MH ,
showing that MH is path-connected. 
Definition 4.23. Let X be the space of pairs (M,a) ∈ ΨRd (O1) ×R≥0 such that
M ⊂ π−1R δ
−1[−∞, a). Then the monoid M acts on X equivariantly from the right
the following way. If x = (M1, a1) ∈ X and m = (M2, a2) ∈ M then xm = (M,a)
where
M =M1 ∪ sha1(M2)
a = a1 + a2.
Definition 4.24. Let Y be the space of pairs (M,a) ∈ ΨRd (O2) ×R≥0 such that
M ⊂ π−1R δ
−1(−a,+∞]. Then the monoid M acts on Y equivariantly from the left
the following way. If m = (M1, a1) ∈ M and y = (M2, a2) ∈ Y then my = (M,a)
where
M = sh−a(M1) ∪M2
a = a1 + a2.
Proof of Proposition 4.20. As described in Lemma 4.32, we can define zigzags of
equivariant equivalences
B(∗,M, ∗) ≃ ΨRd (O1 ∩O2)
B(X,M, ∗) ≃ ΨRd (O1)
B(∗,M, Y ) ≃ ΨRd (O2)
B(X,M, Y ) ≃ ΨRd (O1 ∪O2)
such that the corresponding cube
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B(X,M, Y ) ΨRd (O1 ∪O2)
B(X,M, ∗) ΨRd (O1)
B(∗,M, Y ) ΨRd (O2)
B(∗,M, ∗) ΨRd (O1 ∩O2)
∼
∼
∼
∼
commutes. Then by Lemma 4.19 the left hand face of the cube is homotopy carte-
sian, hence so is the right. 
To define the zig-zag, similarly as before, we define intermediate posets to com-
pare the bar constructions with spaces of manifolds.
Definition 4.25. Let P be the following topological poset. Objects are pairs
(M,a) ∈ ΨRd (O1 ∩O2)×R satisfying
M ∩ π−1R δ
−1(a) = ∅.
We say (M,a) ≤ (M ′, a′) when M =M ′ and a ≤ a′.
Similarly define PX , PY , PX,Y as posets of pairs (M,a), where M is in ΨRd (O1),
ΨRd (O2) and Ψ
R
d (O1 ∪O2) respectively.
We have restriction functors
PX,Y PX
PY P .
We’ll use the classifying spaces of these posets to approximate between the bar
constructions and spaces of manifolds.
Definition 4.26. Let P → M the the functor given as follows. Every object of
P maps to the unique object in M. A morphism (M,a0) ≤ (M,a1) in P maps to
(M˜, a˜) ∈M, where
a˜ = a1 − a0
M˜ = sh−a0M ∩ π
−1
R δ
−1(a0, a1).
Lemma 4.27. The functor P →M induces a levelwise equivariant equivalence on
the nerves.
Proof. For (Mi, ai) ∈ M, let (M,a) = (M1, a1) · · · (Mp, ap) ∈ M. The levelwise
inverse NpM→ NpP is given by
(M1, . . . ,Mp, a1, . . . , ap) 7→ (M, 0, a1, . . . , ap).
The homotopy to the identity can be described similarly to Lemma 4.9. 
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Definition 4.28. Let N•PX → N•(X,M, ∗) be the simplicial map given by
(M,a0, . . . , ap) 7→ (x, a0, M˜1, a˜1 . . . , M˜p, a˜p),
where
a˜i = ai − ai−1
x = π−1R δ
−1[−∞, a0) ∩M
M˜i = sh−ai−1M ∩ π
−1
R δ
−1(0, a˜i).
Lemma 4.29. The map N•PX → N•(X,M, ∗) is a levelwise equivariant equiva-
lence.
Proof. The proof is completely analoguous to Lemma 4.27. 
Analogously to Definition 4.28 we can write down simplicial maps between the
nerves
N•PY → N•(∗,M, Y )
N•PX,Y → N•(X,M, Y ),
which are levelwise equivariant homotopy equivalences. The maps are given by
taking the slices ofM ∈ N•P and shifting them to be elements ofM. The levelwise
inverses are given by inclusions as in Lemma 4.27.
Definition 4.30. Define the forgetful maps
BP → ΨRd (O1 ∩O2)
BPX → Ψ
R
d (O1)
BPY → Ψ
R
d (O2)
BPX,Y → Ψ
R
d (O1 ∪O2)
by
(M,a0, . . . , ap) 7→M.
Lemma 4.31. The forgetful maps in Definition 4.30 are equivariant weak equiva-
lences.
Proof. The proof is similar to Lemma 4.10, we sketch the argument here in the case
of BP . The main difference is that our goal in this case will be to find paths of
manifolds that are at their endpoint disjoint from certain submanifolds π−1R δ
−1(ai)
(describing points in BP). For each H ≤ G we consider the lifting problem
∂Dq BPH
Dq ΨRd (O1 ∩O2)
H .
f
For each x ∈ Dq, let M = f(x). By Sard’s theorem there is a regular value
w ∈ WG of the projection πWGM → W
G. Choose a finite partition {Ui}1≤i≤N
of Dq with corresponding wi ∈ W
G regular value of πWG : f(x) → W
G for any
x ∈ Ui. Choose 1 − ǫ < a1 < . . . < aN < 1 + ǫ. We can write down paths
in ΨRd (O1 ∩ O2)
H starting from f(x) for x ∈ Ui and ending in a manifold M ′
with M ′ ∩ π−1R δ
−1(ai) = ∅. These paths are obtained as follows. By our regularity
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assumptionM is disjoint from a neighborhood of π−1W+R({wi})×δ
−1(a1). The paths
are obtained by “stretching” these neighborhoods with an endpoint a neighborhood
of π−1R (δ
−1(ai)) (with a construction analogous to Lemma 4.10, staying inside the
fixed-point space). Assigning weights by choosing a partition of unity over Dq
allows us to construct the lift to BPH . 
To summarize, we have the following commuting diagram.
Lemma 4.32. The diagram below commutes and all the horizontal maps are equi-
variant equivalences.
B(X,M, Y ) BPX,Y ΨRd (O1 ∪O2)
B(X,M, ∗) BPX ΨRd (O1)
B(∗,M, Y ) BPY ΨRd (O2)
B(∗,M, ∗) BP ΨRd (O1 ∩O2)
By Lemma 4.19 the leftmost face is G-homotopy cartesian, which now finishes the
proof of Proposition 4.20.
4.5. The scanning map is an equivalence. In this section we prove the follow-
ing.
Lemma 4.33. The scanning map ΨRd (S(R)ǫ)→ Map
(
S(R),ΨRd (Dǫ(R))
)
in (4.4)
is an equivariant equivalence.
Proof. Let pǫ : S(R)ǫ → S(R) denote radial projection. For an open subset O ⊂
S(R) we will write O˜ = p−1ǫ (O), which is an open subset of R.
In our proof, it will be useful to consider the following general statement for any
open subset O ⊂ R.
Statement 4.34. The scanning map ΨRd (O˜) → Map
(
O,ΨRd (Dǫ(R))
)
is an equi-
variant equivalence.
We will show by induction that Statement 4.34 holds for certain open subsets of
O ⊂ S(R), including O = S(R), which then proves Lemma 4.33.
Choose a smooth equivariant triangulation of the sphere S(V ) (see [Ill78] for
details). By subdividing if necessary, we can assume that the star of each simplex
either coincides with or is disjoint from its translates by elements of the group G.
Let Λ denote the set of all simplices. The sphere S(V ) is covered by the open stars
Cα = star(α) of the simplices α ∈ Λ of the triangulation, that is
S(V ) =
⋃
α∈Λ
Cα.
This is a collection {Cα}α∈Λ of contractible open subsets of S(V ), closed under
intersection.
We can now build S(V ) by inductively attaching orbits of simplices, as explained
in Lemma 4.35, the detailed proof of which occupies the rest of this section. 
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Using the notation from the proof above, we will show the following.
Lemma 4.35. Let Γ ⊂ Λ be a subset that satisfies
(i) Γ is G-stable (i.e. if α ∈ Γ then gα ∈ Γ for any g ∈ G)
(ii) Γ is closed under passing to higher dimensional simplices (i.e. if α ∈ Γ and
α is a face of β then β ∈ Γ)
Let
OΓ =
⋃
α∈Γ
Cα.
Then Statement 4.34 holds for the open subset OΓ.
Proof. The proof is by induction on the number of simplices in Γ.
First we prove Statement 4.34 when Γ is the orbit of a single simplex. In this
case OΓ ≃ G/H and O˜Γ ∼= G/H×D(R). For any subgroup K ⊂ G, the orbit G/H
restricted to K splits as a union of orbits G/H =
∐
i
K/Hi. Then(
ΨRd (G/H ×D(R))
)K ∼=∏
i
(
ΨRd (K/Hi ×D(R))
)K
.
But (ΨRd (K/Hi × D(R))
)K ∼= ΨRd (D(R))Hi , since a manifold M ∈ (ΨRd (K/Hi ×
D(R))
)K
is uniquely determined by its restriction to D(R).
Therefore
ΨRd (O˜Γ)
K ∼=
∏
i
ΨRd (D(R))
Hi ≃ Map
(
OΓ,Ψ
R
d (Dǫ(R))
)K
holds for any K ≤ G, which proves Statement 4.34 in this case.
Now for the induction step, assume Γ ⊂ Λ satisfies the hypotheses and assume we
know the statement holds for any proper subset Γ′ ( Γ satisfying the conditions in
Lemma 4.35. Choose a simplex σ ∈ Γ of lowest dimension. Then Γ′ = Γ−Gσ also
satisfies the conditions, so Lemma 4.35 holds for OΓ′ =
⋃
α∈Γ′
Cα by the induction
hypothesis. Let OGσ =
⋃
g∈G
Cgσ, so that Statement 4.34 holds for OGσ by the base
case above. Now note that
OΓ′ ∩OGσ = OΘ
for Θ the union of all simplices α that strictly contain gσ for some g ∈ G. Then
Θ ⊂ Γ by (ii), and the induction hypothesis also applies to Θ.
We now get a commutative square of restriction maps
ΨRd (O˜Γ) Ψ
R
d (O˜Γ′ )
ΨRd (O˜Gσ) Ψ
R
d (O˜Θ).
By the homotopy sheaf property (Proposition 4.20), this square is G-homotopy
cartesian. The corresponding square of mapping spaces Map
(
O−,Ψ
R
d (Dǫ(R))
)
is
also G-homotopy cartesian. Since Statement 4.34 holds for the three corners with
Γ′, Gσ and Θ, it also holds for Γ, completing the induction.
To see that Proposition 4.20 applies, we can define the function
δ : O˜Γ
pǫ
−→ OΓ → [−∞,+∞]
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as follows. The closed star of a simplex α is the join
star(α) = α ∗ link(α),
so we have a “join coordinate” t : α ∗ link(α) → [−∞,+∞]. For y ∈ O˜Γ, let
x = pǫ(y) ∈ OΓ. Define
δ(y) =
{
t(x) if x ∈ star(gσ) for some g ∈ G
−∞ otherwise 
4.6. Finishing the proof. The right vertical map in (4.4) is a fibration with fiber
ΩRψd(V,W +R). Our main goal in this section is to prove that the map
αR : ψd(V,W )→ Ω
Rψd(V,W +R)
from Proposition 4.13 is an equivariant equivalence.
We can apply Lemma 4.32 to O1 = S1(R)ǫ and O2 = D1(R)ǫ. Since O1 ⊂ O2,
we only consider the front faces of the cubes in Lemma 4.32:
(4.5)
B(X,M, ∗) BPX ΨRd (D1(R)ǫ)
B(∗,M, ∗) BP ΨRd (S1(R)ǫ)
pM
≃ ≃
pP
≃ ≃
For the function δ : O1 → (−∞,+∞) from Proposition 4.20, we can take distance
from the origin in R: r : O1 → (1− ǫ, 1 + ǫ) and rescale to (−∞,+∞).
Let ψRd (Da(R)) denote the subspace of manifolds M ∈ ψd(V,W + R) such that
M ⊂ π−1R (Da(R)). Then in the case above X is the space of pairs (M,a) such that
a ∈ (1, 1+ǫ) andM ∈ ψRd (Da(R)). The fibers of the middle and right hand vertical
maps in (4.5) are both ψRd (D1−ǫ(R)).
Using Lemma 4.33 we know that the horizontal maps in (4.4) are equivariant
equivalences:
(4.6)
ΨRd (D1(R)ǫ) Map
(
D1(R),Ψ
R
d (Dǫ(R))
)
ΨRd (S(R)ǫ) Map
(
S(R),ΨRd (Dǫ(R))
)
.
≃
≃
Composing the two diagrams above and investigating the fibers and homotopy
fibers, we end up with the following diagram.
X ψRd (D1−ǫ(R)) Ω
RΨRd (Dǫ(R))
hofib(pM) hofib(pP) hofib(res)
B(X,M, ∗) BPX Map
(
D1(R),Ψ
R
d (Dǫ(R))
)
B(∗,M, ∗) BP Map
(
S(R),ΨRd (Dǫ(R))
)
≃
≃ scan
≃
≃
pM
≃ ≃
pP res
≃ ≃
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Here each column has the form fib(p) → hofib(p) → A
p
−→ B, and the horizon-
tal arrows are (composites of) maps defined above. This shows that scan is an
equivariant equivalence.
The following lemma allows us to relate our results to the map αR, and thus
finishing the proof of Proposition 4.13.
Lemma 4.36. The diagram
ψd(V,W ) Ω
Rψd(V,W +R)
ψRd (D1−ǫ(R)) Ω
RΨRd (Dǫ(R))
≃
αR
≃
scan
commutes up to equivariant homotopy.
Proof. For r ∈ R let vr =
r
1+‖r‖ . Let Tt,r : R→ R be given by
Tt,r(x) = (1− t)x+
ǫt(x− vr)
1 + ‖x− vr‖
.
Define ϕt,r = Tt,r ⊕ idV−R : V → V , and consider the equivariant homotopy
SR ∧ ψd(V,W ) ∧ I+ → ψd(V,W +R)
given by (r,M, t) 7→ ϕ−1t,r (M). Taking the adjoint of this homotopy proves the
claim. 
5. Spaces of manifolds and affine Grassmanians
As the final ingredient to Theorem 2.26, we prove Proposition 2.24. That is, we
construct an equivariant equivalence ψd(V, V ) ≃ MTOd(V ) between the space of
unbounded manifolds in V and the affine Grassmanian of d-planes in V .
Recall that
MTOd(V ) = Th

ξ⊥V
Grd(V )

Definition 5.1. Let q : MTOd(V ) → ψd(V, V ) be the equivariant map defined as
follows. A point L ∈ ξ⊥V =MTOd(V )\{∞} can be identified with an affine d-plane
in V , which is a d-dimensional submanifold, hence a point in ψd(V, V ). We map
∞ ∈ MTOd(V ) to ∅ ∈ ψd(V, V ), which defines a continuous map because of the
way we defined the topology on ψd(V, V ).
Lemma 5.2. The map q : MTOd(V )→ ψd(V, V ) is an equivariant equivalence.
Proof. The proof is identical to that of [Gal11, Lemma 6.1]. We split ψd(V, V ) as
the pushout of open sets U0 ←− U01 −→ U1. Here U0 ⊂ ψd(V, V ) is the open subset of
manifoldsM ⊂ V such that 0 6∈M . The subset U1 ⊂ ψd(V, V ) consists of manifolds
M ⊂ V with a unique non-degenerate closest point to the origin, and U01 = U0∩U1.
The subsets U0, U1, U01 are G-invariant open subsets, and the restrictions of q
q−1(U0)→ U0
q−1(U1)→ U1
q−1(U01)→ U01
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are all equivariant equivalences. The spaces q−1(U0) and U0 are both equivariantly
contractible. For M ∈ UH1 , notice that the unique closest point p ∈ M must be
contained in V H (since any point in the orbit of p is closest to the origin), hence the
deformation retraction described in [Gal11, Lemma 6.1.] remains inside the fixed
point space. The same applies to the restriction to U01. 
6. Tangential structures
In this section we briefly discuss a variant of Theorem 2.26 involving tangential
structures. For trivial G this is discussed in [GMTW09, Section 5].
Let M be a d-dimensional smooth manifold, G a finite group. Write GLd =
GLd(R), and let Fr(M) denote the frame bundle of M . That is, Fr(M) → M is
the principal GLd-bundle of bases of the tangent bundle TM → M . Let GLd act
on Fr(M) on the left by change of basis. If G acts on M smoothly on the left, we
have an action of G×GLd on Fr(M) such that Fr(M)→M is G-equivariant.
Definition 6.1. Let Θ be a space with a left action of GLd × G. A Θ-structure
ℓ on M is a GLd-equivariant map ℓ : Fr(TM) → Θ. If G acts smoothly on M , we
say the Θ-structure on M is equivariant if ℓ is GLd ×G-equivariant.
Fix the dimension d ≥ 0, a finite group G and a GLd × G-space Θ. Let Γ =
GLd ×G. The following is the definition of the equivariant cobordism category of
manifolds with tangential structures.
Definition 6.2. Let CGΘ be the following topologically enriched category. Objects
are pairs (M, ℓ), where M ∈ Ob(CGd ) as in Definition 2.14 and ℓ : Fr(TM ⊕ 1)→ Θ
is an equivariant Θ-structure.
The morphism space between (M0, ℓ0) and (M1, ℓ1) is formed by triples (N, r, ℓ)
where (N, r) ∈ CGd (M0,M1) and ℓ : Fr(TN)→ Θ is an equivariant Θ-structure that
restricts to ℓ0 and ℓ1 on ∂N .
The homotopy type of morphism spaces may be described as
CGΘ(M0,M1) ≃
∐
L
BDiffGΘ(L, ∂L),
where the disjoint union is over diffeomorphism classes of smooth equivariant cobor-
disms L with Θ-structures between M0 and M1. Let Diff
G(L, ∂L) denote the
topological group of equivariant diffeomorphisms that restrict to the identity in
a neighborhood of ∂L, and BDiffGΘ(L, ∂L) denotes the homotopy quotient
BDiffGΘ(L, ∂L) = Map
∂
Γ (Fr(TL),Θ)
//
DiffG(L, ∂L),
where Map∂Γ (Fr(TL),Θ) is the space of equivariant Θ structures on L, fixed near
the boundary (omitting the boundary conditions from the notation).
Now we introduce the equivariant othogonal spectrumMTΘ. For an orthogonal
G-representation V let X(V ) = Θ×GLdStd(V ) where Std(V ) is the Stiefel manifold
of d-frames in V . Quotienting by Θ we have a G-equivariant map ϑV : X(V ) →
Grd(V ), and let ϑ
∗
V ξ
⊥ be the pullback of the complement of the tautological bundle
over Grd(V ).
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Definition 6.3. Define the orthogonal G-spectrum MTΘ by
MTΘ(V ) = Th

ϑ∗V ξ
⊥
X(V )
 .
The structure maps are defined analogously to Definition 2.17.
We have a version of our main theorem (1.1), generalized to include tangential
structures. The special case Θ = {∗} recovers the original (unoriented) statement
(1.1).
Theorem 6.4. The classifying space of the equivariant cobordism category with
Θ-structures is weakly equivalent to the fixed point space of the shifted infinite loop
space of MTΘ:
BCGΘ ≃
(
Ω∞−1MTΘ
)G
Similarly to the unoriented case, this is the fixed point level statement of the
following.
Theorem 6.5. There is an equivariant equivalence
BCΘ(UG) ≃ Ω
UG−1MTΘ.
The embedded cobordism categories CΘ(V ) are defined similarly to the unori-
ented case. We also have analogues of spaces of manifolds.
Definition 6.6. For V a finite dimensional G-representation, let ΨΘ(V ) be the set
of pairs (M, ℓ) where M ∈ Ψd(V ) and ℓ is a Θ-structure on M .
The topology on ΨΘ(V ) is defined as for Ψd(V ), now modeled on the spaces
Γc(NM)×MapGLd(Fr(TM),Θ).
Define the left conjugation action of G on ΨΘ(V ) by g(M, ℓ) = (gM, gℓ), where
gM ⊂ V is the image of M ⊂ V under G, and gℓ : Fr(T (gM)) → Θ is defined by
gℓ(b) = g
(
ℓ(g−1b)
)
, i.e. so that
Fr(TM) Θ
Fr(T (gM)) Θ
ℓ
g g
gℓ
commutes. With this definition the fixed points ΨΘ(V )
G are manifolds M equiv-
ariantly embedded in V , with equivariant Θ-structures.
Our proof of the main theorem generalizes to the case of tangential structures,
since we can canonically carry the Θ-structures along diffeomorphisms and restrict
them to submanifolds when necessary.
7. Examples
We discuss some special cases of Theorem 6.4 for various tangential structures.
Example 7.1. Orientation reversing action. Let G = Z/2 and Θ = {−1,+1},
where GLd acts on Θ via the determinant, and G acts on Θ by transposition. In
this case Θ-manifolds are manifolds with an orientation reversing involution.
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In the case when d = 2, our Theorem 2.26 recovers the results of Nisan Stiennon
on characteristic classes of real curves ([Sti13]).
Example 7.2. Unoriented manifolds. If Θ = {∗} we recover our original statement
(1.1) about unoriented manifolds.
It is interesting to consider the content of Theorem 6.4 in the case of 0-manifolds.
Let FG be the set of isomorphism classes of finite G-sets, and for [A] ∈ FG let
ΣA = Aut(A) denote the group of equivariant bijections of A. Then the cobordism
category CG0 is in fact equivalent to the monoid
M =
∐
A∈FG
BΣA.
The spectrumMTO0 = SG is the G-equivariant sphere spectrum, and Theorem 6.4
specializes to the following theorem, due to Guillou and May.
Theorem 7.3 (Equivariant Barratt-Priddy-Quillen Theorem, [GM17]). There is
a weak equivalence of spaces
ΩB
 ∐
[A]∈FG
BΣA
 ≃ (Ω∞SG)G.
More generally we can consider the case of 0-manifolds for any G-space Θ, and
get a weak equivalence
ΩB
 ∐
[A]∈FG
MapG(A,Θ)
//
ΣA
 ≃ (Ω∞Σ∞Θ+)G,
where MapG(A,Θ) is the space of G-equivariant maps and MapG(A,Θ)
//
ΣA is the
homotopy quotient
MapG(A,Θ)×ΣA EΣA.
Example 7.4. Action on frames. Let ρ : G→ GLd be a representation of G, and
let Θ = GLd where GLd acts by left multiplication and G acts via ρ. In this case
Θ-manifolds are framed manifolds, with G acting via ρ on the framing of MG. Note
that with this action
Θ×GLd Std(V )
∼= L(ρ, V ),
so MTΘ is the spectrum JG(ρ,−) = SG
−ρ (cf. [MM02, Definition 4.6]).
Example 7.5. Orientation preserving action. Let G be any finite group and let
Θ = {−1,+1}, where GLd acts on Θ via the determinant, and G acts on Θ trivially.
In this case Θ-manifolds are manifolds with an orientation preserving action. Write
MTSOd for the resulting G-spectrum.
In joint work between GS and Bena Tshishiku, we computed the rational coho-
mology of the fixed points of the infinite loop space ofMTSOd (from Example 7.5).
For a subgroup H ≤ G let Repd(H) denote the set of isomorphism classes of
d-dimensional oriented representations, i.e. conjugacy classes of homomorphisms
ρ : H → SO(Rd). Let WGH denote the Weyl group of H in G. Then WGH ≤
Out(H), so the group WGH acts on the set Repd(H), and the quotient will be de-
noted Repd(H)/WGH . For a representation V ∈ Repd(H) given by ρ : H → SO(V )
we write SO(V )H for the centralizer of ρ(H) in SO(V ) (i.e. automorphisms of the
representation).
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Theorem 7.6 (Stable characteristic classes of oriented G-manifold bundles). Let
(Ω∞MTSOd)
G
0 denote the path component of the basepoint in the infinite loop space
of MTSOd. Then
H∗
(
(Ω∞MTSOd)
G
0 ;Q
)
∼= Q[κH,V,c],
where we have one polynomial generator κH,V,c for each conjugacy class (H) of
subgroups H ≤ G, an equivalence class of oriented d-dimensional H-representa-
tions V ∈ Repd(H)/WGH, and a characteristic class of equivariant vector bundles
c ∈ H∗
(
BSO(V )H
)
for ∗ ≥ dim(V H).
8. Relationship to equivariant bordism
8.1. Unoriented equivariant bordism groups. Let NGd denote the geometric
cobordism group of unoriented d-dimensional G-manifolds. As shown in [tD75, Satz
5], there is an orthogonal G-spectrum mO (see Definition 8.2) and for finite G we
have an isomorphism
NGd ∼= π
G
d mO.(8.1)
The results of this paper can be related to equivariant bordism via the following
Theorem 8.1. The G-equivariant homotopy groups of mO are related to MTOd
via the isomorphism
πG−1MTOd
∼= πGd−1mO
and an exact sequence
πG0 MTOd → A(O(d), G) → π
G
0 MTOd−1 → π
G
d−1mO→ 0,
where A(O(d), G) is a free abelian group with generators given by G×O(d)-conjugacy
classes [H, ρ] for a subgroup H ≤ G and a homomorphism ρ : H → O(d). That is
A(O(d), G) has generating set ∐
(H)
Repd(H)/WGH,
where Repd(H)/WGH are Weyl group orbits of isomorphism classes of d-dimen-
sional H-representations, and the disjoint union is over conjugacy classes of sub-
groups H ≤ G.
By the equivariant Whitney embedding theorem we also have
NGd−1
∼= πG0 BCd.
So we recover (8.1) as a consequence of (1.1) and Theorem 8.1.
Definition 8.2. Following [tD75, Section 5] (cf. [Sch17b, VI.2]), define the orthog-
onal G-spectrum mO as
mO(V ) = Th

ξ
Gr|V |(V ⊕R
∞)
 ,
where ξ is the tautological |V |-dimensional bundle over the Grassmanian.
Note that this is different from the spectrum MOG of [May96, XV.2] defined in
terms of Thom spaces over Gr|V |(V ⊕ V ).
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Definition 8.3. For an orthogonal G-spectrum E and a G-representation W let
the shift shWE be the spectrum given by shWE(V ) = E(V ⊕W ) (in fact shWE ≃
ΣWE). We will abbreviate shRd as shd.
Definition 8.4. Let p : shdMTOd → mO be the following map of orthogonal G-
spectra. The map is induced by the maps of bundles
ξ⊥
V⊕Rd ξV⊕Rd ξV⊕R∞
Grd(V ⊕R
d) Gr|V |(V ⊕R
d) Gr|V |(V ⊕R
∞).
⊥
⊥
Lemma 8.5. The map p : shdMTOd → mO is d-connected, in particular it induces
an isomorphism πG−1MTOd
∼= πGd−1mO.
This will be a consequence of Lemma 8.7 below. In fact, we may define maps
jd : shdMTOd → shd+1MTOd+1 via the bundle maps (cf. [GMTW09, 3.4] and
[Sch17b, Proposition VI.2.12])
ξ⊥
V⊕Rd ξ
⊥
V⊕Rd+1
Grd(V ⊕Rd) Grd+1(V ⊕Rd+1).
−⊕R
Then from Theorem 8.1 we get mO as the colimit of the filtration
S ∼=MTO0
j0
−→ sh1MTO1
j1
−→ . . .→ shdMTOd → . . .→ mO.(8.2)
Definition 8.6. Let Σ∞+ BGO(d) denote the suspension spectrum(
Σ∞+ BGO(d)
)
(V ) = SV ∧Grd(V )+.
We can identify the filtration quotients in (8.2) via the following lemma (cf.
[GMTW09, Proposition 3.1] and [Sch17b, Theorem VI.2.16]).
Lemma 8.7. There is a cofiber sequence of orthogonal spectra
MTOd−1 → sh1MTOd → Σ
∞+1
+ BGO(d).
Proof. We can follow the proof of [GMTW09, Proposition 3.1]. For any two G-
equivariant vector bundles E and F over the same base G-space B, there is a
G-cofiber sequence
Th(p∗E)→ Th(E)→ Th(E ⊕ F ),(8.3)
where p : S(F )→ B is the bundle projection of the sphere bundle.
Apply (8.3) to B = Grd(V ⊕ 1), FV = ξ and EV = ξ⊥ (the tautological bundle
and its orthogonal complement), to get the cofiber sequence of G-spaces
Th(p∗EV )→MTOd(V ⊕ 1)→ Σ
V⊕1Grd(V ⊕ 1)+.(8.4)
The Thom spaces Th(p∗EV ) for varying V assemble into an orthogonal spectrum
Th(p∗E) that is equivalent to MTOd−1 for the following reason.
Consider the G-fiber sequence
Grd−1(V )→ S(FV )→ S
V⊕1,(8.5)
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mapping (L, v) ∈ S(FV ) to the unit vector v ∈ SV⊕1. For a subgroup H ≤ G,
the fixed point space (SV⊕1)H = SV
H⊕1 is dim(V H)-connected. This shows that
the map Grd−1(V ) → S(FV ) is dim V H -connected on H-fixed points. The bundle
p∗EV pulls back to the complement of the tautological bunle, ξ
⊥ over Grd−1(V ),
hence giving a map MTOd−1(V )→ Th(p
∗EV ) that is (2 dim(V
H) − d)-connected
on H-fixed points.
Thus we proved the equivalence of spectraMTOd−1 ≃ Th(p∗E), which together
with the sequence (8.4) implies the statement of the lemma. 
We then have an exact sequence in homotopy groups:
πG0 MTOd → π
G
0 Σ
∞
+ BGO(d)→ π
G
0 MTOd−1 →
→ πG−1MTOd → π
G
−1Σ
∞
+ BGO(d).
The equivariant suspension spectrum Σ∞+ BGO(d) is connective, hence
πGnΣ
∞
+ BGO(d) = 0
for n < 0. This proves Lemma 8.5 and the first part of Theorem 8.1.
Consider the map
π0
(
(BGO(d))
H
) σH
−−→ πH0 Σ
∞
+ BGO(d)
trG
H−−→ πG0 Σ
∞
+ BGO(d),
where σH is stabilization and trGH is transfer. By [LMSM86, V.9 Corollary 9.3] we
have πG0 Σ
∞
+ BGO(d) is free abelian with generators tr
G
H
(
σH(x)
)
where H runs over
conjugacy classes of subgroups of G and x runs over representatives ofWGH-orbits
in π0
(
(BGO(d))
H
)
.
By [May96, VII.2.7] we have
π0
(
(BGO(d))
H
)
/WGH ∼= Repd(H)/WGH,
hence πG0 Σ
∞
+ BGO(d)
∼= A(O(d), G).
We also identified πG−1MTOd
∼= πGd−1mO
∼= NGd−1 so the sequence above becomes
πG0 MTOd
χ∗
−→ A(O(d), G)
ind
−−→ πG0 MTOd−1 → N
G
d−1 → 0.(8.6)
As explained in Theorem 8.1, the group A(O(d), G) is free abelian with gener-
ators given by G × O(d) - conjugacy classes [H,α] for a subgroup H ≤ G and a
homomorphism α : H → O(n), i.e. WGH-orbits of isomorphism classes [H,V ] of
representations of conjugacy classes of subgroups.
The map χ∗ above can be defined as follows. A d-dimensional smoothG-manifold
M , considered as an endomorphism M ∈ CGd (∅,∅), represents an element in the
homotopy group πG0 MTOd
∼= πG1 BCd. For a subgroup H ≤ G, the fixed point
manifold
MH =
∐
V
MHV ,
where MHV denotes the components of M
H with tangential representation isomor-
phic to V , and the disjoint union is over isomorphism classes of d-dimensional
H-representations V . Note that if the representation V1 is in the WGH - orbit of
V0 then M
H
V0
∼=MHV1 .
The image of under the homomorphism χ∗ is given by
χ∗(M) =
∑
[H,V ]
χ(MHV )[H,V ] ∈ A(O(d), G),
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where χ is the Euler characteristic.
The homomorphism ind on a generator [H,V ] is given by the induced sphere
G/H ×H S(V ) considered as an endomorphism of the empty manifold in CGd−1.
Remark 8.8 (Compact Lie groups). Let G be a compact Lie group. Our definitions
in Section 2, and hence both sides of our main theorem (1.1) make sense in this
case as well. We have not pursued to what extent our results may generalize, but
we offer the following remarks.
As discussed above the classical result on geometric equivariant bordism can be
recovered by taking π0 of both sides in (1.1). As explained in [Sch17b, 6.2.33], (8.1)
fails e.g. for G = SU(2), showing that (1.1) cannot be true for SU(2).
Based on these π0 investigations, (1.1) could be true when G is a product of a
finite group and a torus. However, our methods do not generalize to this case, in
particular the unstable statement Theorem 2.25 fails also for G = S1.
Proof. This follows from an example pointed out in [Seg87]: let G = S1, d = 0 and
let V beR3 with G acting by rotation around an axis. Then there is a G-cofibration
sequence
S1 → SV → S2 ∧G+,
and hence for any G-space X a fibration sequence
Ω2X →
(
ΩVX
)G
→ ΩXG.
Taking X = SV this shows that(
ΩV SV
)G
≃ Z× Ω2S3.
For the representation V above and taking d = 0 we have ΩBCd(V )G ≃ Z, since
G-equivariant configurations of points in V are configurations of points on V G = R.
This shows failure of Theorem 2.25, since by taking loops of fixed points on both
sides we get
ΩBCd(V )
G ≃ Z 6≃ Z× Ω2S3 ≃
(
ΩV SV
)G

9. Appendix
The goal of the appendix is to fill in some point-set topological details needed
in the proof of Proposition 2.8. For a topological group A and a finite group G,
we will discuss some general condition under which a space is weakly equivalent to
the classifying space BGA, then demonstrate how these results apply to the space
Emb(M,UG)/Diff(M).
Throughout this section we assume G acts on the left and A acts on the right,
and that the two actions commute. This is equivalent to a left action of G×A via
x 7→ gxa−1. Following [May96, VII.2], consider the sequence
A
i
−→ G×A
q
−→ G.
Let F be the family of subgroups H ≤ G × A such that H ∩ i(A) = {e}. For any
such subgroup H , q|H : H → G is injective, so we can consider H as a subgroup of
G, in particular H is finite, and we have a homomorphism ρ : H → A given by the
projection onto the second factor of G×A.
Recall that the universal G×A-space EF is characterized by the properties
(1) For H ∈ F we have EFH ≃ ∗
(2) For H 6∈ F we have EFH = ∅.
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Let us recall some properties of fixed point spaces of principal bundles satisfying
Bierstone’s condition (Definition 2.2).
Lemma 9.1. Let E be a G×A-space and assume p : E → B = E/i(A) is a principal
G-A-bundle satisfying Bierstone’s condition. Let H ≤ G and r : H → G × A be
the inclusion given by h 7→ (h, ρ(h)) for some homomoprhism ρ : H → A, so that
r(H) ∈ F . Then under the action of H on E given by r, p is H-equivariant and
the map of fixed points pr(H) : Er(H) → BH is a locally trivial bundle.
Proof. Let j : H → G×A be given by h 7→ (h, e). Note that p is H-equivariant for
both actions of H on E given by r and j. By Bierstone’s condition, for any b ∈ BH
there is an H-invariant open subset Ub ⊂ B, and a j(H)-equivariant trivialization
p−1(Ub) ∼= Ub×A, where H acts on the left via j and on A via a 7→ σ(h)a for some
homomorphism σ : H → A. Then we also get an r(H)-equivariant trivialization
p−1(Ub) ∼= Ub×A where H acts on the left via r and the action of H on A is given
by a 7→ σ(h)aρ(h)−1. But then with this action(
pr(H)
)−1
(UHb ) =
(
p−1(Ub)
)r(H) ∼= UHb ×Ar(H),
where Ar(H) = {a ∈ A : σ(h)a = aρ(h) for all h ∈ H}. This shows pH is locally
trivial with fiber Ar(H). 
Of particular interest is when ρ = σ in the lemma above, and Ar(H) = CA(ρ(H))
is therefore non-empty. In this case we have long exact sequences in homotopy
groups of fixed points.
Corollary 9.2. Let p : E → B is a principal G-A-bundle satisfying Bierstone’s
condition. For each H ≤ G and b ∈ BH , let BHb denote the path component of b.
Let ρb : H → A be a homomorphism, determined up to conjugation by the action of
H on the fiber p−1(b), and r : H → G×A be as above. Let p
r(H)
b : E
r(H)
b → B
H
b be
the principal CA(ρ(H))-bundle we get by restricting the fixed point bundle p
r(H) to
the path component of b. Then there is a long exact sequence in homotopy groups
. . .→ π∗+1
(
BHb
)
→ π∗ (CA(ρ(H)))→ π∗
(
E
r(H)
b
)
→ π∗
(
BHb
)
→ . . .
. . .→ π1
(
BHb
)
→ π0 (CA(ρ(H)))→ π0
(
E
r(H)
b
)
→ ∗.
Note that these long exact sequences are functorial: if
P1 P2
B1 B2
is a map of principal G-A-bundles, then we get corresponding maps of long exact
sequences for each H ≤ G and b ∈ BH1 .
Proposition 9.3. Let Pi be a filtered diagram of G × A-spaces such that each
πi : Pi → Bi = Pi/A is a principal G-A-bundle satisfying Bierstone’s condition.
Assume moreover that the colimit P = colimi Pi is weakly equivariantly equivalent
to EF . Then B = P/A = colimiBi is weakly equivariantly equivalent to BGA.
Proof. Pick a functorialG-CW approximation X˜ → X forG-spacesX , so αi : B˜i →
Bi denotes the diagram of G-CW approximations of Bi. Then the pullback bundle
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α∗i (Pi) → B˜i is a numerable principal G-A-bundle, so is classified by a map B˜i →
BGA. For each i, each subgroup H ≤ G and each basepoint b ∈ B˜Hi we can apply
Corollary 9.2 to the map of bundles
α∗i (Pi) EGA
B˜i BGA,
to get maps of long exact sequences
. . . π∗ (CA(ρ(H))) π∗
(
α∗i (Pi)
r(H)
b
)
π∗
(
B˜Hi,b
)
. . .
. . . π∗ (CA(ρ(H))) π∗
(
(EGA)
r(H)
b
)
π∗
(
(BGA)
H
b
)
. . . .
∼= f∗
In the colimit we get a map of long exact sequences
. . . π∗ (CA(ρ(H))) π∗
(
α∗(P )
r(H)
b
)
π∗
(
B˜Hb
)
. . .
. . . π∗ (CA(ρ(H))) π∗
(
(EGA)
r(H)
b
)
π∗
(
(BGA)
H
b
)
. . . ,
∼= f∗
where f∗ is also an isomorphism since α
∗(P )
r(H)
b ≃ P
r(H) ≃ EFH is weakly con-
tractible by assumption, and so is EGA
r(H) by Proposition 2.4. Hence by the
five-lemma we have a zig-zag of weak equivalences B ←− B˜ → BGA.

The goal of the rest of this section is to show that the quotient
Emb(M,UG)/Diff(M)
is weakly equivariantly equivalent to BGDiff(M) (see Proposition 2.8). Let F be the
family of subgroups H ≤ G×Diff(M) such that H ∩ ({e} ×Diff(M)) = {(e, idM )}
as above (taking A = Diff(M)).
Lemma 9.4. The space of embeddings Emb(M,UG) is a G × Diff(M)-space with
the property that
(1) For H ∈ F ,
Emb(M,UG)
H ≃ ∗
(2) For H 6∈ F we have Emb(M,UG)H = ∅.
These properties imply that there exists an equivariant weak equivalence EF →
Emb(M,UG).
Proof. For (1) we can consider H as a subgroup of G and we have an action of H on
M (i.e. the homomorphism ρ : H → Diff(M). Then Emb(M,UG)H is the space of
H-equivariant embeddings, which is weakly contractible by the equivariantWhitney
embedding theorem (Mostow–Palais theorem).
For (2) the condition says that the action of Diff(M) on embeddings is free. 
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Next we prove that the principal G-Diff(M) bundle
Emb(M,V )→ Emb(M,V )/Diff(M)
satisfies Bierstone’s condition. The following discussion is analogous to [BRF81,
Prop. 5]. Let M be a closed manifold and N be a manifold with smooth G-
action. Let Emb(M,N) be the space of C∞ embeddings. The product G×Diff(M)
acts on Emb(M,N) which we write as a left action of G and a right action of
Diff(M). Write U(M,N) for the quotient Emb(M,N)/Diff(M). We show that
π : Emb(M,N)→ U(M,N) admits G-local sections in the following.
Lemma 9.5. Given an embedding i ∈ Emb(M,N), write H = Gi(M) for the
subgroup of G that fixes the image of i. This gives a homomorphism ρ : H →
Diff(M). There exists a subset Vi ⊂ Emb(M,N) with the properties:
(a) Vi is H-invariant under the action z 7→ hzρ(h)−1
(b) i ∈ Vi and π|Vi is injective
(c) For every open neighbourhood W of the identity in Diff(M), the set Vi ·W
is open.
In particular π(Vi) ⊂ U(M,N) is an H-invariant open neighbourhood of π(i) and
si =
(
π|Vi
)−1
is a continuous H-equivariant section of π.
Proof. This is completely analogous to the proof in [BRF81, Prop. 5]. By choosing
a G-invariant metric on N , we can assume the tubular neighborhood Sǫi of i(M)
in N is H-invariant. This means the subspace Embt(M,Sǫi ) ⊂ Emb(M,N) of
“transverse” (to the fibers of the normal bundle) embeddings is an H-invariant
open subset. Let Pi : S
ǫ
i → i(M) denote projection, so we have
Embt(M,Sǫi )
−◦Pi−−−→ Emb(M, i(M))
is H-equivariant and we can take
Vi = (− ◦ Pi)
−1(i)
The rest of the proof in [BRF81] applies verbatim. 
This means that the principal G-Diff(M) bundle Emb(M,N) → U(M,N) has
continuous local equivariant slices, and hence satisfies Bierstone’s condition (cf.
[Las82, Lemma 1.4]). Thus we can apply Proposition 9.3 to the diagram of bundles
Emb(M,V )→ U(M,V ) indexed over the poset s(UG) of finite dimensional subrep-
resentations of UG, and conclude that U(M,UG) is weakly equivalent to BGDiff(M),
thus finishing the proof of Proposition 2.8.
References
[Bie73] Edward Bierstone. The equivariant covering homotopy property for differentiable G-
fibre bundles. J. Differential Geometry, 8:615–622, 1973.
[Blu06] Andrew J. Blumberg. Continuous functors as a model for the equivariant stable ho-
motopy category. Algebr. Geom. Topol., 6:2257–2295, 2006.
[BRF81] Ernst Binz and H R. Fischer. The manifold of embeddings of a closed manifold.
Lecture Notes in Physics, 139, 01 1981.
[CW85] J. Caruso and S. Waner. An approximation theorem for equivariant loop spaces in
the compact Lie case. Pacific J. Math., 117(1):27–49, 1985.
[Gal11] Søren Galatius. Stable homology of automorphism groups of free groups. Ann. of
Math. (2), 173(2):705–768, 2011.
[GM17] Bertrand J. Guillou and J. Peter May. Equivariant iterated loop space theory and
permutative G-categories. Algebr. Geom. Topol., 17(6):3259–3339, 2017.
THE EQUIVARIANT COBORDISM CATEGORY 35
[GMTW09] Søren Galatius, Ib Madsen, Ulrike Tillmann, and Michael Weiss. The homotopy type
of the cobordism category. Acta Math., 202(2):195–239, 2009.
[GRW10] Søren Galatius and Oscar Randal-Williams. Monoids of moduli spaces of manifolds.
Geom. Topol., 14(3):1243–1302, 2010.
[Ill78] So¨ren Illman. Smooth equivariant triangulations of G-manifolds for G a finite group.
Mathematische Annalen, 233:199–220, 1978.
[Las82] R. K. Lashof. Equivariant bundles. Illinois J. Math., 26(2):257–271, 1982.
[LMSM86] L. G. Lewis, Jr., J. P. May, M. Steinberger, and J. E. McClure. Equivariant stable
homotopy theory, volume 1213 of Lecture Notes in Mathematics. Springer-Verlag,
Berlin, 1986. With contributions by J. E. McClure.
[May72] J. P. May. The geometry of iterated loop spaces. Lectures Notes in Mathematics, Vol.
271. Springer-Verlag, Berlin-New York, 1972.
[May96] J. P. May. Equivariant homotopy and cohomology theory, volume 91 of CBMS Re-
gional Conference Series in Mathematics. Conference Board of the Mathematical
Sciences, 1996. With contributions by M. Cole, G. Comezan˜a, S. Costenoble, A. D.
Elmendorf, J. P. C. Greenlees, L. G. Lewis, Jr., R. J. Piacenza, G. Triantafillou, and
S. Waner.
[MM02] M. A. Mandell and J. P. May. Equivariant orthogonal spectra and S-modules. Mem.
Amer. Math. Soc., 159(755):x+108, 2002.
[MMO17] J. P. May, Mona Merling, and Ange´lica M. Osorno. Equivariant infinite loop space
theory, i. the space level story. Preprint, 2017.
[Sch17a] C. Schommer-Pries. Invertible Topological Field Theories. ArXiv e-prints, December
2017.
[Sch17b] Stefan Schwede. Global homotopy theory. Cambridge University Press, 2017.
[Seg74] Graeme Segal. Categories and cohomology theories. Topology, 13:293–312, 1974.
[Seg87] Graeme Segal. Some results in equivariant homotopy theory. Unpublished paper,
1987.
[Shi89] Kazuhisa Shimakawa. Infinite loop G-spaces associated to monoidal G-graded cate-
gories. Publ. Res. Inst. Math. Sci., 25(2):239–262, 1989.
[Sin02] Dev Sinha. Real equivariant bordism and stable transversality obstructions for Z/2.
Proc. Amer. Math. Soc., 130(1):271–281, 2002.
[Sti13] Nisan Alexander Stiennon. The moduli space of real curves and a Z/2-equivariant
Madsen-Weiss theorem. Stanford Thesis, 2013.
[tD75] Tammo tom Dieck. Orbittypen und a¨quivariante Homologie. II. Arch. Math. (Basel),
26(6):650–662, 1975.
[Ulr88] Hanno Ulrich. Preliminaries on group actions, pages 7–20. Springer Berlin Heidel-
berg, Berlin, Heidelberg, 1988.
[Was69] Arthur G. Wasserman. Equivariant differential topology. Topology, 8:127–150, 1969.
E-mail address: gergelys@stanford.edu
E-mail address: galatius@stanford.edu, galatius@math.ku.dk
